We consider the non-forward amplitude within the Heavy Quark Effective Theory. We show that one can obtain new information on the subleading corrections in 1/m Q . We illustrate the method by deriving new simple relations between the functions ξ 3 (w) and Λξ(w) and the sums n
j (w) (j = In the leading order of the heavy quark expansion of QCD, Bjorken sum rule (SR) [1, 2] relates the slope of the elastic Isgur-Wise (IW) function ξ(w), to the IW functions of the transition between the ground state j P = 1 2
− and the j P = 1 2 + , 3 2 + excited states, τ
1/2 (w), τ
3/2 (w) at zero recoil w = 1 (n is a radial quantum number). This SR leads to the lower bound −ξ ′ (1) = ρ 2 ≥ 1 4
. A new SR was formulated by Uraltsev in the heavy quark limit [3] , involving also τ (n)
3/2 (w), that implies, combined with Bjorken SR, the much stronger lower bound ρ 2 ≥ [4, 5, 6] we have developed, in the heavy quark limit of QCD, a manifestly covariant formalism within the Operator Product Expansion (OPE), using the matrix representation for the whole tower of heavy meson states [7] . We did recover Uraltsev SR plus a general class of SR that allow to bound also higher derivatives of the IW function. In particular, we found two bounds for the curvature ξ ′′ (1) = σ 2 in terms of ρ 2 , that imply σ 2 ≥ 15 16 .
The object of the present paper is to extend the formalism to IW functions at subleading order in 1/m Q .
The general SR obtained from the OPE can be written in the compact way [4] L Hadrons (w i , w f , w if ) = R OP E (w i , w f , w if )
where the l.h.s. is the sum over the intermediate D states, while the r.h.s. is the OPE counterpart. Using the trace formalism [8] , this expression writes, in the heavy quark limit [4] :
where
and 
We will now consider 1/m Q corrections to the heavy quark limit SR (2) .
The paper is organized as follows. In Section 2 we set the problem of obtaining sum rules involving subleading quantities in 1/m Q within the OPE. In Section 3
we make explicit the formalism of the corrections in 1/m b , the b-quark being the external quark, using the formalisms of Falk and Neubert [9] and of Leibovich et al. [10] to parametrize the going to the interesting frontier (w, 1, w) of the domain (6) . We generalize our results to any 1 2 − → j P transition. From the obtained SR we get enough information to write our fundamental results for the subleading quantities Λξ(w) and ξ 3 (w) in terms of leading quantities in Section 6. In Section 7 we use as input the results of the Bakamjian-Thomas class of quark models -that satisfy all the necessary properties in the heavy quark limit -to obtain phenomenologically useful results, that appear to be consistent, in our quite different approach, with the QCD Sum
Rules. Finally, in Section 8 we conclude and set up the program that remains to be pursued. In Appendix A we demonstrate the identity between two subleading parameters defined by Falk and Neubert [9] and by Uraltsev [3] . In Appendix B we discuss the experimental situation of the leading P -wave IW functions τ
1/2 (w) and τ Our starting point [11] is the T -product
where J f (x), J i (y) are the currents (the convenient notation for the subindices i, f will appear clear below) :
and p i is in general different from p f .
Inserting in this expression hadronic intermediate states, x 0 < 0 receives contributions from the direct channel with hadrons with a single heavy quark c, while x 0 > 0 receives contributions from hadrons with bcb quarks, the Z diagrams :
The T -product T f i (q) is given, alternatively, in terms of quarks and gluons, by the expression
where S c (0, x) is an operator, the c quark propagator in the background of the gluon field [12] .
Since we are not considering hard QCD corrections, that are outside the present framework, and maybe the soft gluons entering in S c (0, x) will only give corrections of order Λ QCD /m c , in the limit m c ≫ Λ QCD the propagator S c (0, x) can then be replaced by the free propagator S and using b(x) = e iP ·x b(0)e −iP ·x one obtains
Since we can perturb the field b(0) around the annihilator of the heavy quark 
We must underline that, in making this approximation, we have not made any approximation in the field b(0) nor in the state |B(p i ) >, that will be expanded below in powers of 1/m b .
We can now perform the change of variables p c + k → p c that gives, in the large
We will here adopt the following limit. The virtuality V = q 0 +E i −E c is assumed to satisfy |V| ≫ Λ QCD . In the large m c limit m c → ∞ the denominators of the Z and direct diagrams differ by (q
in this limit the direct and Z diagrams decouple, and we will obtain a SR for the direct graph alone, independently of the value of the other heavy quark mass m b .
Integrating the preceding equations respectively over p Xc and p c and identifying the sum over the hadronic intermediate states (9) with the OPE or quark side (15), we obtain, in the large m c limit, for the direct channel :
and D n is a generic charmed meson.
Due to the equations of motion, the field b(0) can be written, in terms of the heavy quark field of velocity v
and therefore, including the first order in 1/m b , the sum rule reads
Therefore, in the OPE side we have, besides the leading dimension 3 operator
the dimension 4 operator
In 
However, this perturbation of the current does not exhaust all perturbations in 1/m b . Indeed, we need also to compute the perturbation of the initial and final wave functions |B i (v i ) >, |B f (v f ) > due to the kinetic and magnetic perturbations of the Lagrangian. This can be done easily following also the prescriptions of Falk and Neubert to compute these corrections in 1/m b for the leading matrix element 
, in the notation of Falk and Neubert [9] .
As for the l.h.s., considering for the moment as intermediate D states the mul-
+ , we have three types of matrix elements
The − , 1 − contribute also to zero recoil at order 1/m Q , we will consider the contribution of the matrix elements
We will show that these contributions do not spoil the simple result presented below, that can be expressed only in terms of the leading IW functions τ 1/2 (w) and τ 3/2 (w). We argue also that higher j P intermediate states do not contribute.
Let us again underline that we will not take into account radiative hard gluon corrections, as computed in [13] for Bjorken SR, in [3] for Uraltsev SR and in [14] for our SR concerning the curvature of the IW function [6] .
We begin with the general SR in the heavy quark limit (2) 
where the subindex 0 means the heavy quark limit, while the subindex b or c correspond to the subleading corrections in 1/m b or 1/m c , and G or E mean, respectively, ground state or excited state contributions.
In the heavy quark limit, one has
that leads to equation (2) and to the results quoted above [1] - [6] .
In expression (24) we can vary m b and m c as independent parameters and obtain new SR for the subleading quantities.
To obtain information on the 1/m b corrections, it is relatively simple to proceed as follows. We will assume the formal limit of Section 2 :
and perturb both sides of the SR (25) by 1/m b terms. This heuristic procedure gives the same results as the method demonstrated in Section 2.
In this limit, since the parameter 1/m b can be varied at will, one obtains the
One can compute G b (w i , w f , w if ) and E b (w i , w f , w if ) using respectively the formalism of Falk and Neubert [9] and the one of Leibovich et al. [10] , and obtain SR for the different subleading IW functions L i (w) (i = 1, · · · 6).
Of course, one can obtain SR by taking the opposite limit m b ≫ m c , that must be consistent with the preceding ones. In ref. [11] we did adopt the Shifman-Voloshin
To be explicit, let us define these functions from the current matrix elements, following the notation of Falk and Neubert [9] :
in the formal limit m c ≫ m b (26) that we adopt here.
The 4 × 4 matrices write, for pseudoscalar and vector mesons :
while the subleading 1/m b functions are for B(v) and B * (v) :
The matrix elements to excited states write [10] < D (
The notations S αβ denote respectively the kinetic and the magnetic perturbations to the Lagrangian. In the preceding relations (32) B(v) can be a pseudoscalar or a vector.
Expanded in terms of Lorentz covariant factors and subleading IW functions, these tensor quantities read [10] :
The IW functions relevant to the current perturbation are not independent, due to the equations of motion :
and, at zero recoil, one has
where a radial quantum number n is implicit and ∆E 3/2 , ∆E 1/2 are the mass differences between the excited states and the ground state.
Since, as pointed out above, we will also consider the intermediate states
let us give the relevant formulae, parallel to (32)-(36)
At zero recoil, Luke's theorem [16] imposes
are not linearly independent [9] , and are related to two quantities, namely
and the quantity called ξ 3 (1) by Falk and Neubert or Σ by Uraltsev [3] :
We demonstrate the identity ξ 3 (1) ≡ Σ in Appendix A. Considering the forward amplitude, i.e. taking w if = 1, two SR can be obtained for subleading corrections at zero recoil, as we will see below :
where ∆E + . The first SR is Voloshin SR [17] , and the second one was discovered by A. Le
Yaouanc et al. [11] and by Uraltsev [3] . We have adopted the notation of Isgur and
Wise for the transition IW functions [2] .
B Meson sum rule.
We take as initial and final states the ground state pseudoscalar meson at different four-velocities B(v i ) and B(v f ) and, as in [3] - [6] , the axial currents aligned along the corresponding four-velocities, Γ i = / v i γ 5 and Γ f = / v f γ 5 . Then, the subleading SR (27) writes :
The first, second, third and fourth term in the l.h.s. of (42) correspond to the 1 2
appear in the l.h.s. because of the number of γ 5 matrices involved in the traces over Dirac matrices.
In equation (42) we have made explicit the subleading It is not necessary to give all the explicit expressions of these functions since we are interested in the frontier of the domain (w i , w f , w if ) = (w, 1, w) and, as we will see below, only F (n) 1/2 (1) will contribute. There are two crucial features in expression (42). First, the appearance of the subleading functions L 1 (w if ), L 4 (w if ) in the r.h.s., since we consider the whole allowed domain for the variables (w i , w f , w if ). Second, the polynomials in (w i , w f , w if ), that result from the sum over the spin J = 1, 2 polarizations [4] :
where λ runs over the 2J + 1 polarizations.
These polynomials will imply the vanishing of the corresponding contributions at (w i , w f , w if ) = (w, 1, w). This will occur also for higher j P intermediate states,
because one obtains, in all generality [4] , for the projector on the polarization tensor of a particle of integer spin J, contracted with v i and v f four-velocities :
Therefore, at the frontier
the SR (42) will write, very simply, dividing by a factor (w − 1)
Therefore we only need the functions F (n) 1/2 (w) for w = 1. The calculation gives, for all w,
and for w = 1,
and from the relation (36) we obtain finally 
With the definitions (51) one has ε i · ε f = w if , but we can change one global sign in (51) to make ε i · ε f = −w if and therefore ε i · ε f → −1 when v i → v f . The sum rules, being linear in ε i and in ε f do not depend on this overall sign.
Then, performing the relevant traces, the subleading SR (27) writes
In the l.h.s. of equation (52) We have made explicit the subleading 
3/2 (w) and σ (n) 3/2 (w) that do not vanish in general for w = 1, and the complicated functions K 
In order to see clearly which terms survive at the frontier (w i , w f , w if ) = (w, 1, w), it is not necessary to go to the details that we have given in Section 4 for the sake of clarity. It is enough to realize that the limit
corresponds to the limit
(v · v ′ = w) and make use of the orthogonality conditions between the intermediate states polarization tensors and v ′ . Explicit calculations confirm this simple argument.
In the limit (55), we have
The last limits follow from the orthogonality condition
similarly to the four last expressions (56) and to the general expression (45), due to the symmetry in (ν 1 , ν 2 , · · · ν J ) and in (µ 1 , µ 2 , · · · µ J ) and the linearity in ε i and ε * f , will be proportional to the following quantities
because other factors like in (52) (
is given, in terms of the polarization tensor of an intermediate state of spin J, by expression (44), and the last quantity in (57) is given by the polynomial in (w i , w f , w if ) (45).
By the same argument as before, due to the orthogonality conditions
all the quantities (57) go to 0 in the limit v f → v ′ (55).
Therefore, in the limit (w i , w f , w if ) → (w, 1, w), the SR (52), taking into account its symmetry in i ↔ f and the asymmetry in i ↔ f of the limit (55), becomes the much simpler expression :
+ 2τ
Therefore, we have only to compute the functions K
2 (w i , w f ) and S (n) 3 (w i , w f ). The explicit calculation gives, for general (w i , w f ),
and
where in the preceding equations
and we get, for the quantities needed in equation (59),
(1)
that gives, dividing the SR by the factor 2(w − 1),
and using (36) one gets finally :
6 Basic results.
Let us recall the two sum rules that we have obtained in the two preceding sections :
1/2 (w)
that reduce to the equations for w = 1 that follow from (40), (41) and generalize them to all w.
Due to the equations of motion, the functions L i (w) (i = 4, 5, 6) are not independent and, as shown in ref. [9] , are given in terms of two functions, namely the elastic IW function ξ(w), a subleading function ξ 3 (w) and the Λ parameter (Λ = m B −m b ) :
Therefore, from (66)- (68) we obtain the interesting relations, valid for all w :
These remarkably simple relations are the basic results of the present paper. It is important to notice that both the subleading quantities Λξ(w) and ξ 3 (w) can be expressed in terms of leading quantities, namely the IW functions τ ).
Very remarkably, equation (69) shows that the leading IW function ξ(w) appears constrained to be a combination of the averages
or, conversely, Λ is given by the ratio of functions :
It is important to underline that all other subleading IW functions except ζ 7 Phenomenological discussion.
To illustrate our results for the subleading form factors, we will concentrate on some functions that play a role in the analysis of B → D(D * )ℓν, and about which we can get information from the relations obtained in the preceding Section on Λξ(w) and ξ 3 (w). Of particular interest are the functions
and their values and derivatives at zero recoil.
The function L 4 (w) appears at first order in 1/m Q in the differential semi-leptonic rate of B → Dℓν [9] . This subleading IW function is specially important, but can be expressed, from (68), in terms of ξ(w), Λ and the commonly used function η(w) (see for example [14] and references therein) :
Check of the Bakamjian-Thomas quark models.
We would like first to test whether the results found in the class of relativistic quark models of the Bakamjian-Thomas type [18] satisfy the sum rules found in this paper, in particular the w dependence. This class of models yield covariant form factors in the heavy quark limit that satisfy Isgur-Wise scaling, and Bjorken and Uraltsev SR. It is a class of models in the sense that one can choose the dynamics in the hadron rest frame, and then compute the corresponding Isgur-Wise functions with the boosted wave functions.
The dynamics at rest that describes in the most accurate way the QQ, Qq andspectra (where Q and q denote respectively heavy and light quarks) is the phenomenological Hamiltonian set up by Godfrey and Isgur [19] , containing a confining piece, a short distance piece with asymptotic freedom, plus spin-dependent interactions.
Hypothesis of saturation by n = 0 states.
Using this model within the Bakamjian and Thomas scheme, one finds, for the IW functions of the n = 0 states (n denoting the radial quantum number) [20] : 
It has been shown that these n = 0 transition IW functions dominate the Bjorken [1] , [2] and Uraltsev SR [3] , that read, respectively
Keeping only the n = 0 states and the numbers quoted above we get
to be compared, respectively, with ρ 2 = 1.02 (76) and the 1/4 in the r.h.s. of (78).
The n = 0 states give a dominant contribution, and saturate Bjorken SR at the 10 % level. Uraltsev SR is even more accurate in this approximation.
Let us first test equation (72), saturating it with the n = 0 states :
Inserting the phenomenological IW functions (75) and the values for ∆E
) obtained in the same BT scheme [21] :
we get indeed a value of Λ that is quite stable in the whole physical region of B → D * ℓν, 1 ≤ w ≤ 1.5. We find Λ = 0.513 ± 0.015 .
The stability of the result for Λ is quite remarkable, and results essentially from the function f (w) = (w + 1)τ On the other hand, one gets, from (69), (70), (73) and the n = 0 approximation :
For the moment, let us notice that the accuracy of the n = 0 approximation depends strongly on the considered quantity, at least at w = 1. We have seen that in Bjorken and Uraltsev SR the n = 0 states dominate, but the precision is quite different in each case. As for the subleading quantities, defining
one gets in BT models keeping only n = 0 ), and will be done in a near future.
At w = 1, we can for the moment state that a sum including higher n = 0 states leads, for the quantity (84), to the value [11]
that differs from (83) by 10 %. Therefore, it is of importance to compute the contributions of n = 0 states for the different quantities, in particular to Λ, of which (82) is only a lower limit, due to the positivity of the different contributions. It is also important to check whether the inclusion of the n = 0 states in (72) yields indeed a constant.
In practice, one is anyway confronted to sums truncated to a definite n max . It is of importance to notice that the dependence of the sum on n max requires the consideration of the radiative corrections. On the one hand, one approach proposes to identify the renormalization scale µ with ∆E (nmax) ≤ µ [22] . On the other hand, another point of view [13] , [14] distinguishes between the cut in n, given by a scale ∆ such that ∆E (nmax) ≤ ∆ and the renormalization point µ, although eventually both scales can be chosen to be proportional. The discussion of the contribution of the higher n states is not simple and cannot be done without including the radiative corrections.
Comparison with the QCD Sum Rules approach.
Although more precise calculations remain to be done in the BT model, let us qualitatively compare with other approaches.
The approach used up to now to obtain information on the subleading functions has been the QCD Sum Rules (QCDSR) approach [23] (for a review, see [24] ).
Moreover, QCD corrections to the subleading corrections have also been computed within this scheme in these works. For a recent discussion of the subleading IW functions and their QCD corrections see [25] and [14] .
We must first notice that the results obtained from the SR of the present paper and those of QCDSR are quite different in spirit. In our approach we have used the BT quark model to compute the r.h.s. of the SR (69) and (70), while in the QCDSR approach one computes directly the l.h.s. of these equations.
The subleading IW functions are non-perturbative quantities, and their calculation within the QCDSR approach is to some extend model-dependent because it is subject to a number of approximations that are more or less under control.
Hence the interest of having information on these non-perturbative quantities within the present method of Bjorken-like SR. We have considered here only a limited number of quantities, namely the subleading corrections of the current perturbation type : L 4 (w), L 5 (w) and L 6 (w) in the notation of Falk and Neubert [9] . Moreover, the QCD corrections to these quantities within the present approach have not been computed.
We must compare the values obtained to the ones of the QCDSR without including QCD corrections, that are for the moment absent in our approach.
Without including QCD corrections, the QCDSR method gives the values [24] Λ = 0.50
and sets [14] η ′′ (1) = 0 (89) that are qualitatively consistent with our results (83), (87).
Notice that, as already pointed out in [11] , the QCDSR algebraic value η(1) = 1 3 would correspond to the value
that is very close to the value (86) including n = 0 states [26] , [27] .
As we realize in this comparison with the results of QCDSR, we have only computed in our approach a part of the subleading non-perturbative corrections, namely the 1/m Q perturbations to the current. This is a part of a larger program that should include the subleading quantities related to the perturbations of the Lagrangian, namely L 1 (w), L 2 (w) and L 3 (w) or, in the more usual phenomenological notation, χ 1 (w), χ 2 (w) and χ 3 (w) (see, for example [14] and [25] ).
Conclusion and outlook.
In this paper we have shown that the consideration of the non-forward amplitude leads to powerful results for the subleading form factors at order 1/m Q , at least in the case of the functions that correspond to perturbations of the heavy quark current, Within the framework of the OPE and the non-forward amplitude, the sum rules of the type
, allow to write Λξ(w) and ξ 3 (w) in terms of leading quantities, namely the transition IW functions τ
3/2 (w) and the corresponding level spacings ∆E 
Appendix A.
We give here a proof of the identity between the subleading quantities Σ defined by Uraltsev [3] and ξ 3 (1) defined by Falk and Neubert [9] ξ 3 (1) = Σ .
(A.1)
Uraltsev expands the matrix element between two B * mesons for small velocity transfer u (formula (14) of the first ref. [3] ),
where Q is the heavy quark field.
On the other hand, using the formula of Falk and Neubert (3.4) [9] , that is valid
one can write, in a covariant way
Computing in terms of the ξ j (u, v) the matrix element (A.2) one has
Taking into account that under the trace (A.8) [9] 2ξ + (1) + ξ 3 (1) = 0 (A.9) and the relation
one obtains, after some algebra, expanding in powers of u,
that compared with (A.2) demonstrates the identity (A.1).
Appendix B. Comment on the experimental situation for τ 1/2 (w), τ 3/2 (w).
The aim of the present paper has been a theoretical one. However, a brief comment on the experimental situation for the candidates D * * (j P , J P ) and the corresponding IW functions τ 1/2 (w), τ 3/2 (w) is in order.
In the framework of the Bakamjian-Thomas quark model, we have given the prediction of the shape of the functions τ
3/2 (w) for the n = 0 states. We have seen that these n = 0 IW functions almost saturate the Bjorken and Uraltsev SR, and give quite reasonable results for the subleading quantities Λξ(w) and ξ 3 (w).
However, for the 3/2 (w) from present data is beyond the scope of the present paper. Our aim below is to have only a qualitative estimation.
The Belle data on the candidates to the four P -wave states D * * are the following :
= (380 ± 100 ± 100) MeV
Assuming that these states decay essentially into two-body modes, i.e. B(D
, the following branching ratios are given by a Clebsch-Gordan coefficient
To estimate B(D 
